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702. 


ON THE TRIPLE 3-FUNCTIONS. 


[From the Journal für die reine und angewandte Mathematik (Crelle), t. LXXXVII. (1878), 
pp. 190—198.] 


A QUARTIC curve has the deficiency 3, and depends therefore on the triple 
S-funetions: and these, as functions of 3 arguments, should be connected with functions 
of 3 points on the curve; but it is easy to understand that it is possible, and may 
be convenient, to introduce a fourth point, and so regard them as functions of 4 
points on the curve: thus in the circle, the functions cosu, sinu may be regarded 
as functions of one point cosu=a, sinw=y, or as functions of two points, 


COS U =8% + YY, Sinu-ay,— cy. 


And accordingly in Weber's memoir “Theorie der AFel’schen Functionen vom Geschlecht 
3," (1876), see p. 156, the triple -functions are regarded as functions of 4 points 
on the curve: viz. it is in effect shown that (disregarding constant factors) each of 
the 64 functions is proportional to a determinant, the four lines of which are 
algebraical functions of the coordinates of the four points respectively: the form of 
this determinant being different according as the characteristic of the S-function is 
odd or even, or say according as the S-function is odd or even. But the geometrical 
signification of these formule requires to be developed. 


A quartic curve may be touched in six points by a cubic curve: but (Hesse, 
1855*) there are two kinds of such tangent cubics, according as the six points of 
contact are on a conic, or are not on a conic; say we have a conic hexad of points 
on the quartic, and a cubic hexad of points on the quartic. In either case, three 
points of the hexad may be assumed at pleasure; we can then in 28 different 
ways determine the remaining three points of the conic hexad, and in 36 different 


* See the two memoirs ‘‘ Ueber Determinanten und ihre Anwendung in der Geometrie" and “Ueber die 
Doppeltangenten der Curven vierter Ordnung," Crelle, t. xurx. (1855). 
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ways the remaining three points of the cubic hexad: or what is the same thing, 
there are 28 systems of cubics touching in a conic hexad, and 36 systems of cubics 
touching in a cubic hexad. The condition in order that four points of the quartic 
curve may belong to a hexad (conie or cubic) is given by an equation Q =0, where 
Q is a determinant the four lines of which are algebraical functions of the coordinates 
of the four points respectively: but the form of such determinant is different according 
as the condition belongs to a conie hexad, or to a cubic hexad: we have thus 28 
conic determinants and 36 cubic determinants, Q; and the 64 -functions are pro- 
portional to constant multiples of these determinants; viz. the odd functions correspond 
to the conie determinants, and the even functions to the cubic determinants. 


First, as to the conic hexads: the points of a conic hexad lie in a conie with 
the two points of contact of some one of the bitangents of the quartic curve: so 
that, given any three points of the hexad, these together with the two points of 
contact of the bitangent determine a conie which meets the quartic in the remaining 
three points of the hexad. Suppose that a, b, c, f, g, h are linear functions of the 
coordinates such that the equation of the quartic curve is 


Vaf + Ng 4- Veh = 0; 


then a=0, b=0, c=0, f=0, g=0, h=0 are six of the bitangents of the curve, 
and the bitangent a=0 touches the curve at the two points of intersection of this 
line with the conic bg —ch-—0. The general equation of a conie through these two 
points a=0, bg — ch —0, may be written 


bg — ch +a (As + By + Cz) — 0, 


where for z, y, z we may if we please substitute any three of the six linear functions 
a, b, c, f, g, h, or any other linear functions of the coordinates (s, y, z): and the 
equation may also be written 


af + (bg — ch) + a (Aa + By + Cz) = 0. 


Adopting this latter form, and considering the intersections of the conie with the 
quartic, that is, considering the relation 


Vaf + V bg 4- V ch — 0 
af + bg — ch = — 2 Vafbg, 
af — bg + ch = — 2 Vafch, 
and we thus have at pleasure one or other of the two equations 
— 2 Vafbg + a (Az 4- By + Cz) — 0, 
— 2 Vafch 4- a (Az -- By + Oz) — 0, 


as holding good, we have 


that is, e 
— 2v fbg 4- Va (Az + By + Cz) — 0, 


— 2 A fech -- Na (Aa -- By 4- Cz) — 0. 
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Hence the condition in order that the four points (%, Yı, %), (@, Yo, 2), (Ls, ys Zs), 
(z,, Ys, 2s), assumed to be points of the quartic, may belong to the conic hexad, may 
be written 


N fig, a, Vd, yi Vds, z, Nd, — 0, or V fich, a, dn, yi Nd, z, Vd, - 0, 


V fib.gs, Ta Vds, Yo Vda, 2a Va, M ficha, Ta Vas, Yr Vas, Za Vg 
V fabs Gs» Xs Vas, Ys Vas, 43 Vas V fich, T3 Vas, Js Vas, 23 Nd; 
V fib.g, Ti Vas, Ya Vas, Z4 Va, V fici, 9, Vas, Ys Vay, Z4 Va, 


where, as before, the z, y, z may be replaced by any three of the letters a, b, c, 
f 9, h or by any other linear functions of (v, y, z): and, moreover, although in 
obtaining the condition we have used for the quartic the equation 


Vaf Ng + Voh=0, 


depending upon six bitangents, yet from the process itself it is clear that the condition 
can only depend upon the particular bitangent a=0: calling the condition Q=0, all 
the forms of condition which belong to the same bitangent a=0, will be essentially 
identical, that is, the several determinants will differ only by constant factors; or 
disregarding these constant factors, we have for the bitangent a=0, a single determinant 
Q, which may be taken to be any one of the determinants in question. And we 
have thus 28 determinants Q, corresponding to the 28 bitangents respectively. 


Coming now to the cubie hexads, Hesse showed that the equation of a quartic 
curve could be (and that in 36 different ways) expressed in the form, symmetrical 
determinant — 0, or say 


a, ^ 9 d iic 


A C RUM 
Ay x o. 
L ww *.9 


where (a, b, c, d, f, g, h, l, m, n) are linear functions of the coordinates; and from 
each of these forms he obtains the equation of a cubic a 


& E ws d wie, 
bib - fF) m8 

9 ff 6n» y 

A > Oy, d. «8 
boites Eo od 


containing the four constants a, 8, y, 8, or say the 3 ratios of these constants, 
touching the quartic in a cubic hexad of points: that the cubic does touch the 
quartie in six points appears, in fact, from Hesse's identity 
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& À& 8&8 6 ele À 9$ L cre M'y"vhb ejm o5 LH, 
AK. Eom BRI A&okiduml Koh hou B h b, f, m 

9 Pe AU Pik SERE EU. UN / ae Po: E Y 3 y * oa it 

kh "ww ere €" « à. 95 Lm n d, 6$ k m, n, d 

e. B y, 5 SPAN - AUT IRR 4 " Bh 9. X 


where U is an easily calculated function of the second order in a, b, c, d, f, g, h, 
l, m, n, and also of the second order in the determinants a8’ — a’, etc. 


We can obtain such a form of the equation of the quartic, from the before- 
mentioned equation 
| Vaf + Vbg + Vech = 0, 
viz. this equation gives 
e h, g, a|=0, 


* 
hd 
e 


*, C 


9» 


gw. 


` 


which is of the required form, symmetrical determinant =0; the equation is, in fact, 
œf? + big? + eh — 2begh — 2cahf — 2abfg = 0, 
which is the rationalised form of 


Vaf + V bg 4- V ch = 0, 


and we hence have the cubic 


* h g, a, aj=0, 
Che qe de we 
$9 ^59 
a, b, o, * 6 
| a B, y 8, * 
the developed form of which is. 
a?bcf + B*cag + y'abh + 8 fh 


—(aBy+ fad) (— af + bg + ch) 
— (bya +988)( af-lg ch) —— 
—(caB + hys)( af +bg — ch) 0. 
Considering the intersections with the quartic 
Vaf + N bg + V ch = 0, 
we have 
— af --bg - ch, af — bg - ch, af - bg — ch — 2 bcgh, — 2 Wcahf, —2Wabfg, 
and the equation thus becomes 
(a V bcf + BV cag + y Vabh -- 8 W fgh} —0; 
0, X. 57 
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viz. for the points of the cubic hexad we have 
aN bef + BV cag + y Vabh +ô fgh — 0, 


and hence the condition in order that the four points (zi, yi 2), (La ys 22), (Xs y» 22) 
(má, Yis ^ may belong to the cubic hexad is 


Vb f, Vang, Vabim, Wfgh |=0, 
Vb, fo, Vom. Naba, N frgshe 
Vbsesfr, Veasgs Nass, N fagsls 
Vbefi, Notaga Vabh, v figi 


viz. we have thus the form of the determinant () which belongs to a cubic hexad. 


It is to be observed that the equation 
Vaf + Vig + Veh =0 

remains unaltered by any of the interchanges a and f, b and g, c and h; but we 
thus obtain only two cubic hexads; those answering to the equations 

abof + BV cag + y Vabh + 8 N fgh — 0, 
and 

a Vagh + BVO + Vay - 8 abo =0, 
which give distinct hexads. The whole number of ways in which the equation of the 
quartic can be expressed in a form such as 


Vaf 4- V bg 4- V ch — 0, 


attending only to the pairs of bitangents, and disregarding the interchanges of the 
two bitangents of a pair, is — 1260, and hence the number of forms for the determ- 
inant Q of a cubic hexad is the double of this, —2520, which is =36x 70: but 
the number of distinct hexads is — 36, and thus there must be for each hexad, 
70 equivalent forms. 


To explain this, observe that every even characteristic except Du and every odd 


characteristic, can be (and that in 6 ways) expressed as a sum of two different odd 
characteristics; we have thus (see Webers Table I.) a system of (35+28=) 63 
hexpairs; and selecting at pleasure any three pairs out of the same hexpair, we have 
a system of (63 x 20=) 1260 tripairs; giving the 1260 representations of the quartic 


in a form such as 
Vaf Vig 4- dh e 0. 


Each even characteristic (not excluding oo) can be in 56 different ways (Weber, 


p. 23) expressed as a sum of three different odd characteristics, and these are such 
that no two of them belong to the same pair, in any tripair; or we may say that 
each even characteristic gives rise to 56 hemi-tripairs. But a hemi-tripair can be in 
5 different ways completed into a tripair; and we have thus, belonging to the same 
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even characteristic (56 x 5—) 280 tripairs, which are however 70 tripairs each taken 
4 times, A tripair contains in all. (2 =) 8 hemi-tripairs, but these divide themselves 
into two sets each of 4 hemi-tripairs such that for each hemi-tripair of the first set 
the three characteristics have a given sum, and for each hemi-tripair of the second 
set the three characteristics have a different given sum. Hence considering the 70 
tripairs corresponding as above to a given even characteristic, in any one of the 70 
tripairs, there is a set of 4 hemi-tripairs such that in each of them the sum of the 
three characteristics is equal to the given even characteristic; and taking the bitangents 
J. g, h to correspond to any one of these hemi-tripairs, the bitangents which corre- 
spond to the other three hemi-tripairs will be b, c, f; ¢ a, g and a, b, h respectively ; 
and we thus obtain from any one of these one and the same representation 


a N bcf 4- BV cag + N abl + 8 fgh — 0 


of the cubic hexad. And the 70 tripairs give thus the 70 representations of the 
same cubic hexad. 


The whole number of hemi-tripairs is 36 x 56— 2016: it may be remarked that 
there exists a system of 288 heptads, each of 7 odd characteristics such that selecting 
at pleasure any 3 characteristics out of the heptad, we obtain always a hemi-tripair: 
we have thus in all 288x535 - 10080 hemi-tripairs: this is =2016 x5, or we have 
the 2016 hemi-tripairs each taken 5 times. Weber's Table IL exhibits 36 out of the 
288 heptads. 


I recall that in the algorithm derived from Hesse’s theory the bitangents are 
represented by the duads 12, 13,..., 78 formed with the eight figures 1, 2, 3, 4, 5, 
6, 7, 8; these duads correspond to the odd characteristics as shown in the Table, 
and the table shows also triads corresponding to all the even characteristics except 
000 
000 ' 


Top line of characteristic. 


Sli i 100 010 4 110 k 001 | 101 | O11 - 111 


Bottom line of characteristic. 


57—2 
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See my “Algorithm of the triple S-functions, Crelle, t. LXXXVII p. 165, [701]. 
The (35 + 28 2) 63 hexpairs then are 


1 


2 5 6 
35 hexpairs such as yx ES , say this is 1234.5678 or for 
4 


3 8 7 


shortness 567 (the 8 going always with the expressed triad): that is, 567 
denotes the hexpair | 


12.84; 18.24; 14.28; 56,78; 57.68; 58.67: 
and 


3 
28 hexpairs such as A. say this is 12; that is, 12 denotes the 
8 


hexpair 
18.32; 14.42; 15.52; 16.62; 17.72; 18.82. 


It is to be noticed that the odd characteristics, as represented by their duad 
symbols, can be added by the formule 


12 + 28 = 13, etc., 
or, what is the same thing, 


000 


124-18 +23=0, ^ 000" etc., 


and 
124-34 218 +24 = 14 + 23 = 56 + 78 = 57 + 68 = 58 + 67 = 567, etc. 


Thus, referring to the table, 


IR)" OQI0- 100 
12+23= 13 means 100 + 010 ^ 110" 
and 
110 110 000 


which are right. 
The 288 heptads are 
1 


8 heptads such as ANNS , say this is the heptad 1, denoting 


9 —-L—.5278.— uM 
the seven duads 12, 13, 14, 15, 16, 17, 18: 
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and 
6 


280 heptads such as JA 2. , Say this is the heptad 1.678, 
23 4 5 7 8 


denoting the seven duads 12, 13, 14, 15, 67, 68, 78. 
We hence see that the 2016 hemi-tripairs are: 
1 


280 hemi-tripairs í (L) say this is 1.234, denoting the three duads 


12, 13, 14: 
1 6 
1680 hemi-tripairs / A (IL) say this is 12 (6.78), denoting the three duads 
$F "8 


12, 67, 68: 
1 


56 hemi-tripairs AN (IIL) say this is 123, denoting the three duads 12, 


9 3 
18, 23: 


2016. 


We further see how each hemi-tripair may be completed into a tripair in 5 
1 E 


4 pis ; (IIL) gives the 


" Pd pel 
3 5,0, 70r8 


1 
1 |34 
35 
5 tripairs . ji while (IL) gives the 3 tripairs or {7 8 and the 2 tripairs 


different ways: thus (L) gives the 5 tripairs 2¢- 


2 |45 v 
5,4or3 


NV 
4,5,6,7or8 
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To each even characteristic there belongs a system of 56 hemi-tripairs; thus for 


the characteristic Nue the 56 hemi-tripairs are 123, that is, 12, 13, 23, etc.: whence 


the 70 tripairs are 1234, that is, 12.34; 13.24; 14.23, etc.; and in any such 
tripair, say in 1234, we have the set of four hemi-tripairs 123, 124, 134, 234, for 
each of which the sum of the three characteristics is 


000 


000 
= ooo (12 + 28 +13= uF 


000: ° 


and the other set 1.234, 2.134, 3.124, 4.123, for each of which the sum of the 
three characteristics is 


= 567 (12 +18414, =28414, =567, = 2 


~ 001 
To find the hemi-tripairs that belong to any other even characteristic; for instance, 
corresponds to 567: we have 4 such as 1.234; 24 such as (5.12)34; 4 such as 


5.678; and 24 such as (1.56) 78; in all 4--24--4--24, — 56. The tripairs are the 
2, 1234, 5678; 16 such as 54(123); 16 such as 15(678); 36 such as (5162)34.78; 
in all 2+16+16+36, — 70; and in each of these it is easy to select the hemi- 
tripairs for which the sum of the 3 duads is — 567. 


Cambridge, 27 December, 1878. 
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